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PREFACE 



This^ publication shares with the interested individuals the results 
of an exjiloratory investigation d'esidfhed to gain insights into the 
children's mathematical fomjulation of observed actions! upon objects. 
It is hoped that the -reader interested in research on young^ children's 
mathematical thinJcing will » find this publication a source of ideas for 
further exploration of this area- 



special gratitude ,is expressed to two docto^ral studeitts in- Mathematics 
Education at the Florida State University:. Patricia Campbell, for assisting^ 
the ^author with the managerial aspects of the interviews, and Max Gerling# 
fQT videotaping the interviews, ' * 

Thanks are due to the Project administrative assistant, Janelle Hardy, 
for coordinating the technical aspects of the' preparation of the report, cuid f 
to Joe. Schmerler for the typing. * , 
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FOREWORD 



^ Ed Begle recently/^ remarked that curricular 'efforts during jthe 1960's 
laxight us a g^eat deal- abotit how to teach better inathemat;ics, but very little 
about how to teach mathematics better. The ma-thematician will, quite likely, 
agree with both parts of this statement. The layman,, the parent, and the * 
elementary school tteachej;^ however, uqeition the thesis that the "new matfe" 
' wasr. really better than the "old math," At. -best the frui^ts of the mathemat- 
^ics c\arr;Lculum "revolution" were not sweet. Many judge them to jDe bitterv 

While some viewed the' cu^ricular changes of the 1960',$ to be "^-evolu- 
tionary," others disagreed. Thomas C O'Brien of Southern Illinois I5niver- 
^ ' sity at Edwardsville .r^cenijlif yixotet "We 'have not made any fundamental change 
in school' ma thematic s."i He cites Allendoerfer who suggested that a # 
i ciorriculum which heeds the ways in which young children leaxn mathematics is 
. needed. Such a curripulum would be based on the understanding »of children's 
1:hinking and learning. 'It i*s one thing, however, to recognize that a 
conceptual, model for mathematics cfurriculum is sound and necessary and to ask 
tliat the child's thinking and leatning processes be heeded,; J. t is quite 
another to translate these ideas into a curriculum which^ can be used effecr 
tiveiy by 'the ordinary ^ementary school teacher working in the^ordinary 
elementary school classroom. ^ * 

* ' ' * ^ ^ 

Moreover, to propose that ohildfen's thinking processes should serve as 
a basis for curriculum development is to presuppose that curriculum makers 
agree on what these processes are. 'Such is not the^'case, but even if it 
were, curriculum makers do not agree on the- implications 'which the under- 
standing of these thinking processes would ha^e for , curriculum development. 

\ • ^ ' ■ " ' 

In the real world of today's elementary school classroom, where hot much 
hope for drastic changes fox the better can be foreseen, it appears that in 
order to build .a tealistic, yet sound, basis for the mathematics curriculum, 
children's mathematical thinking must be studied intensively in their ustial 
- school hsibitat. Given 'an opportiyiity to think freely*, qhildren cleanly 
display certain- patterns of thought as they deal with ordinary mathematical 
situations encountered daily in their classroom. A videotaped record of the 
outward manifestations of a child's thinking, uninfluenced by any teaching 
on the*part of th^ inter^/iewer , provides a rich source '^for conjectures as to 
what this thinking .'is, what mental structures the chiia has developed, and 
how the child uses these structures when dealing with the ordinary conqepts 
of arithmetic. In addition, an intensive analysis of this videotape 
generates some conjectures is to the possible .sources, of *what adults view as 
children's "yiiscQnceptions*' and "about how the school environment (the teacher 
and the materials), "fights" tiae child's natuijal thought processes. 

. The Project for the Mathematical Development of Children (PMDC)2 set out 
• • - «• • , 

' ^"i<hy Te^ch Mathematics?;' The Rleroentary School ^Journal 73 (Feb.' 1973),- 
258-268: ' ' ^ ^ - ' ^ 

^PMDC is supported by the National Science Foundation, Gremt No. PES 74-* 
.-1810a-A03, - 

V 

/ ■ ' ^ , ■ ^ 



ERIC 



to create a more extensive and reliable basis on which to buil'd mathema£ics 
curriculum* Accordingly> tWe emphasis irf the first phase is to try to 
\inder stand, the 'children's intellectto]»'pi^suits, specif ically, the ii? attempts 
^to acquire some basic mathematical skills and concepts, 
' ' ' . 

The PMDC, in its initial, phajse, wor}«s with children in grades 1 -and 2. 
These grades s§em to comprise the "crucial years for the developnent of 
bases for the future .learning of .mathematj-csv since key mathematical Con- 
cepts begin fo form at these grade levels. The children's mathematical 
development is studied bym^aiis of; ^ ^ t * ■ 

'1. One-t;o-one ^i<aebtaped interviews subsequently ^aly^ed by various 
individuals. - * ^ . ; , , 

2. TSs^ciung ' experiments in which specific vari^les are observed 'in 
• a group teaching seating with five to fourteen chil^rfen. . ' ■ . ' 

3. Intensive 'observation^ of children in their regular classroom 
setting* , - , . , 

4. Studies designed to investigate intensively' the effect df a 
'P2Lrticular variaODle or medium on ^communicating ^mathematics "to young 
children. - . > • ^ . ' ' 

^5- Formal testi-ng, both group and one-to-one\ designed to provide 
- f^jafther insights into .young children's mathematical knowledge. 

' The PMDC staff and the Advisory Board wish to report, the Project's 
activities and- findings to all wH& arre interested- in ifi^thematical education- 
One means for Accomplishing this is the ?MDC publication program, r- 

1 . ^ . 

Many indiyiduals^ contributed to the activities of PMDC. Its Advisory 
Boafd members ire: Edward Begle , Edgar Sdwards, Walter -Dick,- Renee Henry% 
John LeBlanc, emerald Rising, Charles Smock, Stephen Willoughby, and Lauren 
Voodby. The'pi^incipal investigators are: Merl^, Behr, Tom Denmark, 
.Stanley Erlwander, Janice Flake, .Larry Hatfield, William McKillip, Eugene 
*D. Nichols, LeoVi"^ Pikaayrt; ^ Leslie Steffe, and the Evaluator, P^y Carry. 
A special recogjnition for this |5ublication is given to the PMDC Publication^ 
Committee consisting of Merlyn Behr (Chairman) , Thbmas Cooney, and Tom 
Denmark. ' • 

t • • * 

*. Eugene D. Nichols, 

Director of ^MDC 



THE EXPERIMENT 



As part of several- types of resear'ch activitie's^ of the Project for the 
Mathematical Development pf Children, a clinical study'of first and-second 
grade children was carried out at an elementary school of about 1,000 
clvildrenr in th^' southeast. The purpose of the study was to find out' how 
childTien interpret^ in terms of number sentence^*, certain actions performed. 
, on physical objects. The objects used w^re single uniflx '6ubes. To obtain 
uniformity of -^stimuli, a sequence af airCtions on the cubes w^s recorded on ^ 
videotape. The author .performed the actions upon the cubes and 'subsequently 
used ^the tape individually with d^ildren. ' ' 

^ The sequence of events in interviewffig each child individually was as " 
follows: ■ • • . ' . • 

' Step 1 . After the .child wrote his/her name on a sheet of p'aper, the ' 
e^erimenter said:' n/r * 

How about writS^ng a number^ sentence for me — any number 
sentence you like?- 

If the child wrote something that v4is not considered -a .number 
s^tence (examples .appear latei in the h^xt) , the experimenter 
said: * , • . . * ^ ' 



r Step 3 . 



How about, ^w writing, something that has 31 plus or a 
minus and ai equals sign? ^ . 



Step 2 , Next the experimenter said: 



- Now I am going to talk to you on TV. I'll tell you to do 
something. You watch and do it, OK? 

The eight action episodes were shown to the child on a 20^ inch 
screehl* After each episode, tke tape was stopped, the^ child v 
wrote a sentence,- and then the next episode wis shown. 



Each of the eight episodes was presejjted in the sam^ mode. The first ^ 
episode is fully, described below along Vith the instructions in the order 
in which they were presented. These instructions ^er^ ^iSo repeated in 
each, (episode. -3 

' E^jisode 1 > Fiye unifix cubes are placeJ^oii a ta6le as/follows: ^ *' 

□ .,□□"□□* • . 

"■ . y ' - . . ■ -^ 

The experimenter points to each cl±)e_ in silence, giving the 
" child an opportunity to' count the cubes. Thfen he says, 
"Watclj carefully." Two blocks^'on^ the left (child' Tyiew) 
-' ' " are pustied off the table (a strip of cariplboard is used to 

ass'ure that the blocks fall off simultaneously) . Xhen the 
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experimenter says, "Write a number sentence that ^t el Is* what 
I did," The resulting configuration, after the blocks have 
been pushed off, remains i visible on the screen .for from 
' • three to five seconds, then is phased out. The child writes 

' a sentence and is asked to read it, 'Then the next episode 
is presented in the ^ame, sequence. 

Episode ^ . - * • . 

These three blocks ^re dropped* from the tible simultaneously. 



> 



Episode 3" . '■ — • — ^ - ' ^- - .j, 

4,, The experimenter picks up the twq blocks with the rfght hand 

^ ^d removes then from the child's view. 

Episode »'4 > % ^ / 

* .The experimenter pi^s^i^ the one block with the left hand 
and removes it frdm thS view of the child, * * ' 



Episode 5 , 



Episode-\6 > 



The experimenter pushes simultaneously the two and the ,th're^ 
blocks together (two strips^ of cardboard are used for this 
purpose), so that one pile of blocks is formed. 



□ □ □ 



< J 



*^ The experimenter pushes the three blocks and the one block 

together as in Episode 5, 



Episode 7 , 



□ □ □ o 
> 

The_ expe'rimenter, usiag two strips of cardboard, simulta- 
neously pushes apart the two and the four blocks, so that 
two sets of block* are obtained at the opposite ends of 
• the table, ' ' ^ 



gpisode 8 . 



□ □ ' □ □ □ 



□ 

^ 



The experimenter pushes M:he six and the one blocks- apart, 
as in Episode ?• , . . ^ 



THE RESULTS ' ' , 

> 

As previously mentioned, it was necessary to ascertain the .children 

had some referent »foV the phras^ nwnbey sentence , thus the directions, 

How cQx>ut writing a number, sentence for me — any number sentence you- 
' like? * ' • ' , W 

was give^i first. Tn response to these directi,ons, the '.following are some 
examples of what . children wrote.- - * . . 

First gra4ers . ] Second gs^aders .t 

I 2 3 4 5 6 7-a 9 10 11 12 ■ I like 2' 

II \ I am nine y^ars old 



J 



1 + 2 + 4- 5' I had 5 pieces 



A boy is big ^ ' 
123456789 10 1] 



I am 6 years qld 
5- 

It is interesting to note that the respomes the first graders wtot^ to tha 
request for a ;aumber sentenj:e fall into^ tMse-categories: , /, 

(1) ^ sequence of numbers, or 

.7 (2) a Single niimber, or , ^ 

(3) a phrase containing addition and subtractioiw-^ 

In the examples above it cari be seen that second' gradej^s ar^ more flexible 
in interpteting a "number, sentence."^ This interpretation jembraces English ^ 
sentences which refer Jto numbers as well as siie. 

Following the second sejt; of instructions, 



How about now v/riting something that has. a plus or a nlinus cuid an equal 
• # sign? . ' - ' . ' 

all .children wrote number sentences. ' , ' , • ' * 

* XThe following is a siommary of tiie results for 22 first^graders (beginning 
\ . 'of March) cuid .25 second gradersT (middle of*October). 

Epxsode 1 , Five blocks on the table, two -pushed off 

Sentences written by children % Frequency 

' • •• 4 " ■ First graders • Second graders 

c o 12. (6 horizontal^ 14 a2h, 2v) . 

6 vertical) 

.. ' 0 3 (2h, Iv)* 

2 (h) 1 (h) 

-4 3, * < , 1" ' . 2 

other^ ' ' 7 5 / 

Epispde 2: Five blocks o© the table, three pushed off 

5 - 34,== 2 ' . ' y "12 (6h, 6v) 21 (17h,^ 4v) • 

. 2, , ' • 1 2 

,5-2 = 3.^' 1 (V) ' ^1 (h)" 




pother a 1 

, Epibodei 3 . Five blocks on the table, two picked up 

' 5 - 2:;= 3 . ' 12 (7h, 5v)' 21 -(17h, ,, 4v) 

■ . 3 • ' 1 • . ' 2' . : 

Other 9 , 2^, S 

-f ' ■ " 

^ Episode 4 . Ipive blocks on- the table, one picked up / 

5-1=4 ^ '11 (6h, 5v) 19 (ish, 3v) 

• - 4 ' ' ^ , 1 ■ ■ 2 • 

' other " 10 1 4 . ' 



Episode 5 . Two and three blocks, pushed togetHer 

2 + 3 = 5' i (2h' Iv) .• • It -9 (8h,' Iv) 




3 + 2 = 5 ^ . • 2 (h) ' . , \ 8 (7h, Iv) 

•5-6 = 5 ,4 iihi iv) , I (h) . 

5 , i 2 3 

•5-5 = 0* " 2 (Ih, Iv) \-. XI '* 0 . 

Other , * ' 9 4 ' " 

Episode 6 . Three f^locks and one block pushed together 

, / * " '■ ' 

3 + 1=4 ~/3 (2h, Iv)' ° . -12 (h) 

, . f - 

4-0 = 4 .4 (3h, Iv)' * - *2'(lh, Iv) 

» • « 

1 + 3 = 4 ^ 1 (h) ^ • 1 (V) 

•'Olaber 12 ^ ' . 8' 

Episode 7 , Six blocks, four and two separated ^ * m 

6 - '2 = 4 . 9 (5h, 4v) ' 6 (h) 
.6-6 = 0 - ' 2 (Ih; Iv) . 4 (h) 
.6-0 = 6 3. (h) . • 2 (h)i^'' 

6- 4 = 2 * ,0 ^ 2 ' 

other % 6 | 9 

Episode 8 . -Seven block's, one and six separated / ' 

7- 1 = 6 ' . 6 ,(4h, 2V)'' , 11 (h) ' ■ 
7-6=1 . ' 1 (vX 4 (3h, Iv) 

7 - 7 = 0 2 ah, lv)J - 2 (h) - 



Jl. 



oth^r 



' DISCUSSION 

In sel^<?ting the first six episodes trie PMDC st:aff postulated "key/ 
'.responses. They were as follows: ^ 

1. 5 - 2 « 3 * 4. 5 -^1'= 4 

2. 5-3 = 2 ; 5. 2 + S«5or3+2«5- 
3. 5 - 2 = 3 6. 3 +.1 « 4 or 1 + 3 « 4. 

Accepting these as "correct responses*/^ the percents of "succejss" are as^ 
follows': 

Episode * First graders- ^ • • ^ Second graders 

1 , • 55% . ■ , . , 56% 
• . 2 55% '84% 

■ . . 3 . ' 55% - . ° 34% 

; ' 4 ' 50% . . 76% 

, 5 - .23% ©8% , 

• ' 6 " ,18% '__ ■ 52% ^ 

With the exception 'pt the first episode, the second graders^ have given 
th^ Expected response much mor^ frequently than the first graders. It 
would' probably be safe to ascribe ^this difference jto the effect o#the 
longer period of teaching, during which the- predominant emphasis was o*n 
addition and subtratftipn. '--"^ 

' It is interesting 'to note the differe<ices in preferences for the 
horizontal over the vertical form of writing sentences, ^For the expected 
responses, the following are the percents of children who used the 
horizontal form (the "keyed" response is taken ^o be iOO%*) . 

/ , ^ ^ : Episode First qraderar ^ ^ Second graders 

, • 1 ^ 50% ^ 48% 

2 50% ' 81% ♦ 

3 .4r / 5-8% ' : ' '81% 

. 4 • 55% 84% , 

* 6 • 
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5 

6 



r 



8b% 

75% 



38% 
93% 



* l*he second graders* greater-prefeiepce fox the horizontal form (except 
for Episode 1) can probably also be attributepl' .^o instruction; at that -» 
particular school th^ horizontal form was used moxe freqviently than the • 
. vertical form. . • , , . ' ^ 

>^ , - ' . ' ' # 

The construction of Episodes 7 8 was motivated l?y the investiga- 
tions bf children's concept of e^^alityr discussed , in othej^ PMDC • . 
publications^'. The crucial observatiorl made in those investigations w^s 
that first and se^jond graders re ject ^theequa^ty form a «. b c. as' being* , 
, *'wrong" and "backward/* The autho^ ^jflHWlBf ^^^^^^^^^ ^ dynainic 
Situation '-v^ith marjipulatives which mi^^^^p^^^ to children t^s sentence 
form. ^ The obmausmmipulation seemedT^^oe a fnotion separating simulta- 
neously a setT of- objects^ into two subseta. ■ From .the following resu[l|;s, it 
is seen that the intended interpretation did not take place. It seer^s that' 
the sentence form a + b = ,c or , a - b = fc is so. strongly imbedded in -/^ 
oiuldten's thinking that they employ these forms to- the excplusic^i of others 
in interpreting actions apon' objects. 

^The following results were obtained for the l,ast two episodes. 

Episojae' 7 . Six blocks,^ four and t\<a separated # . 









First g'radef^ \ ■ * 


Second graders 


# 






41% ' ■ f 


^ 24% . 








9% 


lff% 




6*-'0"= 6 

♦ ♦ 

: 6 - r= 2 




% 14% 
0% 


7% 
12% 




other ' 




36% 


40.% 




Episode 8. Seveh 
'7-1 = 6 


blocks, 


one and six separated 


> .44% 




7-7 = 0 
7-0 = 7' 
7-6 = 1 . : 


> 


^ 9% 

14% . 
5% 


8% 

• 

0% ^ 
\^ / 




• -other 

• 




45% " 


32% 



3Behf, M., S.^ETlwanger, aad E. Nichols.' Hfcw Children VieW'Equality 
'Sentences- (E^C JechnrcaX Report No. 3); and'T. Denmark, E. Barco, and 
J. Voran. Final Re^KDrt— A Teaching Experiment op Equality. Tallahas- 
see, Florida? Florida^State ^University, '1976» 
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^ "hie* ccanplete abstine^e fro^i Wiping the fotm a*«^ b V-c should fee 
investigated furthe;:f. Althotigh children reject it as "wrong" and "bac3cgij|^d," 
one might construct, 'Experiment In -i/hich children, could be ^nticgji^ ^^^m 
pr.etehding th4t a sentence li<:e 6 ^ ^ ^alright and then asked to tell 
a itory abotit r^l object% whidi! would fit this sentenced 'it would he 
in^rt^nt to search -lor models which seem sensilple tq children and which 
prOTiote^the concept of equality as an equivalence relation; rather than as 
rater* A ^tudy carried cMt by Coleen Frazer^ points out .that even 
.sirudents do not possess an operational concept of the symmetric 
rty.of equality, '"Jhe ability of an individual to accept, with great 
e^lse/ the/symmetfic aifd, possibly other properti^es of equality, does not 
necessarily mean' that this individual is .^ie to work with equal success * 
->with tKe two- symmetric forms, ^ . ^ . / . ' ' >- v ^ 

This exploratory experiment suggested that childr erf, begin v^ry early in 
^thei^' school days to ^formulate mental constructs about the very crucial 
concept of lequality ^and this pai'ticular construct, possibly extremely 
ihade<5uate,^ might persist' throughout the ijpiter years* . ^ 

* Our informal observation > of second coders whose teacher taught, the 
children to. use the phrase ^'is the same, as^ for the symbol suggested 
that this phrase, r;ather than "is -equal to" might be more- conducive to 
children's mental construct of equality as a' relation* ^ ^ 

If one accepts the thesi$ that -young children, should indeed perceive 
, mathematics a^ an "action" subject and t^iat^thd primary^ goal should be to 
ceach these cMldren how to' do mathematics and, furthermore,- if one would 
• want the symbolism td" be 'isomorphic to students* thinking about the actions 
suggested by^,^he syipbols, then the cdnveintionaT use of the^equality symbol 
is inadequate* . More than that, this use is contratry to. children's percep- 
tions* ^The $ymbO'l,^ which "would be consistent wJ.th children's perception of 
mathepiatica* opotfations would have to be a non-symmetric, ine-way symbol* 
For example f the; symbol — ^ in t4 + 3) — wovfld more clbsely correspond 
to i>how first and second graders think aboi^t addition. It "would suggest that 
adding* 4 and 3 results i,^ 7* The same symbols in 7 — (4 + 3) should* then " 
possibly suggest separating 7 into 4 and 3* The latter situation, however,^ • 
raises the question about the use^ of the addition symbol:, is it really 
analogous to the operation, expr^sed iQ (4 + D > 7, as the child 
, perceives it? Perhaps separation' of 7 into 4. and 3 would be more adequately 
expressed by 7 - — > (4, 3) and corresponding action^'oo objects performed in 
such a way that 7 — (4, 3) would be different from ^ (3, 4)* 

This investigation suggests that the sentences (3 + 4) — ^ 7 ^d 

7 ^ (3 + 4) portray nom-symmetric- situations, as children perceive them, 

r thus sugge'sting that the equality symbol, intended to have ' the symmetric 
property, is jiot the most appropriate one to use^ 

The ma:tter of equalit;y and the basic operations is central to the 
elementary school^-ihat^hematics curriculum and b^/ond. The investigation ' 

' . 'Grazer, \c* D* "Abilities of College Students to Involve ^Symmetry of Equality 
WitTi Applications off Mathematj^cal Generalizations," Florida State^ University, 
_ Tallahassee," Florida, 1976* ' 

^8 • , . If 
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described. in ^ this paper is-only a beginning of ,the kind of research that - ' 
should continue. The main goal of the rfesearph should be to understand 
how children, -as a result of their early experiences with mat^jematics, come 
to formulate mental const;ructS which possibly dominate their thinking foj: 
ci long time, - - ' ' - , 
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